This paper presents a novel approach for the estimation of frequency-specific EEG scale modulations by the directional anisotropy of the brain, using the Mellin transform [1, 2, 3] . In the case of epileptic sources, the activity recorded by routine scalp EEG includes contributions not only from a seizure's primary propagation path but also from secondary paths and unrelated to the seizure activity. In addition, the anisotropy of the brain directionally modulates the seizure-related signal component. We estimated patient-specific direction-specific, frequency-locked scale shifts. During the ictal interval, these shifts occurred at frequencies ≥50 Hz. We further estimated the effect of scale modulations on time-delay estimation. Larger time-delays were estimated from EEGs that had been corrected by a scale factor prior to this estimation. Thus, corrections for non-linear scaling of EEGs may ultimately improve time-delay estimation for source localization, particularly in cases of seizures rapidly propagating to large areas of the brain.
INTRODUCTION
Localization of epileptic sources from non-invasive (scalp) electroencephalograms (EEG) has been an area of active research for decades [4] . However, a number of technical and conceptual problems have limited accurate localization of the epileptic focus from scalp EEGs. First, routine systems, such as the international 10-20 EEG system, sample the surface of the brain only sparsely, limiting the localization to the spatial resolution of the electrode grid. In addition, scalp EEGs measure neural activity from relatively large areas of the brain. Thus, not only seizure-related activity from primary and possibly secondary propagation paths, but also contributions from unrelated brain activity may be superimposed in EEG signals. Finally, a large number of source localization studies that involve solutions of the inverse problem, are based on the assumption that the epileptic source is adequately represented by a dipole model. However, the epileptic source current density distribution is complex and dipole models may be too simplistic to adequately represent the source [5] . Consequently, the assumption of models for this ill-posed inversion, that are not directly derived from the data, may lead to non-unique and inaccurate localizations. Finally, not only directional (non-dipolar) seizure propagation but also the structural/electrical anisotropy of the brain modulate the EEG signal and affect source localization. Epileptic seizures are often caused by structural brain abnormalities, including brain malformations and tumors, but it is unclear how these modulate EEGs measuring seizure activity. A few studies have investigated the effects of tissue anisotropy on source reconstruction from EEGs using simulations. It has been shown that anisotropic white and gray matter, the skull anisotropy and source depth-dependent anisotropic tissue all affect the generated electric field and consequently EEG signals [6] , particularly their amplitude [7] . Direct estimation of the effects of structural/electrical anisotropy from measured EEGs has been limited, since it is difficult to decouple signal components primarily modulated by directional anisotropy. Thus, potential non-linear scale changes in EEGs due to the directional anisotropy induced by structural abnormalities have not been studied extensively.
In this study, we investigated the directional modulation of ictal scalp EEGs using the Mellin transform, which has the desirable property of scale invariance [1, 2, 8, 3] . Specifically, we hypothesized that specific EEG components, identified via signal decomposition, are scaled versions of the source signal. Thus, the Mellin transform may be used to estimate the scaling factor associated with the directional, anisotropyrelated modulation of this signal. For this purpose, we analyzed EEGs from 5 patients with diagnosed focal epilepsy and multiple seizures. We first decomposed filtered, artifactfree signals into principal components in order to decouple contributions from primary and secondary propagation paths, and to isolate the primary contribution of the source to the EEG signal. Then, the Mellin transform was applied to each EEG spectrum. In essence this is a problem of estimating signal features associated with a single (or dominant) source from multiple EEGs, and corresponding scale shifts associated with signal modulation by the directional anisotropy of the brain, along each source-electrode direction. Finally, we assessed the effect of incorporating a scale correction in the estimation of time delays between EEGs, which has important implications for source localization. Although the Mellin transform has been applied to a wide range of problems in image and signal processing, to the best of our knowledge it has not been previously applied for estimating anisotropyinduced EEG signal modulations, particularly in the presence of structural abnormalities.
METHODS

Data
Ictal scalp EEGs from 5 patients with diagnosed focal epilepsy, abnormal structural imaging (MRI), and at least 2 seizures (a total of 24 seizures) were analyzed. All EEG data were recorded at Beth Israel Deaconess Medical Center, Boston MA, in the Clinical Neurophysiology Laboratory of the Comprehensive Epilepsy Center. All data were part of inpatient clinical electrophysiology studies for patient evaluation and monitoring. Data were recorded with a standard international 10-20 EEG system, a referential montage and 500 Hz sampling rate. Power-line noise was attenuated with a stopband filterbank, centered at the 60 Hz harmonics of the noise, in the range 60-250 Hz, with a 1 Hz bandwidth for center frequencies ≤ 150 and a 2 Hz bandwidth for center frequencies > 150 Hz. Second order elliptical filters (10 dB attenuation in the stopband, 0.5 dB ripple in the passband) were used. Signals were filtered in both forward and reverse directions to eliminate potential phase distortions due to the non-linear phase of the filter. Artifacts associated with eye blinking and muscle movement also contaminate EEGs. Studies have used a wide range of methods to eliminate them, including a number of decomposition and source separation methods [9, 10] . In this study, these artifacts were eliminated using a stopband-type matched-filter. The respective signatures of the artifacts were estimated from their multiple occurrences in the data, during quiescent (baseline) periods, and were used as templates for pattern matching. Matched-filtering then identified time intervals of higher correlation between the templates and the data, during pre-ictal and ictal intervals, and the data signal-to-noise ratio (SNR) was subsequently reduced within the respective template bandwidths, to suppress the artifacts [11] .
Based on our previous studies [12] , analyzed seizures appeared to modulate baseline neural activity at least several minutes prior to clinical onset (visually identified by an epileptologist). In addition, approximately 30-60 s following ictal onset seizure activity also appeared to have spread to large areas of the brain (depending on the patient), resulting in non-measurable time delays between electrodes after that time. Thus, in this study we restricted the analysis of EEG signals to 60 s prior to 60 s following clinical seizure onset.
Principal component analysis
EEGs were decomposed into principal components, in order to isolate the signal contribution of the primary seizure propagation path, from which both scaling factors and time-delays were estimated. Principal component analysis (PCA) is a widely used signal decomposition method, which has been applied for extraction of source-related contributions to the EEG signal [10, 13] , as well as artifact-related components [9] , although in this study it was not applied for this latter purpose. It can, therefore, in principal be used for decoupling components associated with primary and secondary seizure propagation paths. Although there may not be a one-to-one mapping between the number of propagation paths that contribute to the EEGs and the number of principal components, we assumed that the first principal component corresponds to the contribution of the primary propagation path. PCA rather than independent component analysis (ICA) is preferred since the independence of components is not relevant in multi-path propagation. Paths are typically coupled giving rise to complex seizure propagation patterns.
Principal components were estimated from multi-channel EEG matrices. During focal seizure evolution, and particularly shortly before clinical onset, the primary signal contributions are expected to be seizure-induced rather that associated with other unrelated (possibly spontaneous) potentials in the brain. An example of the first three principal components of a (pre-ictal/ictal) EEG signal matrix is shown in Figure 1 . Note that the second component includes both pre-ictal spiking activity and potential artifacts. Also, the EEG amplitude distribution is different in the first and third components, possibly corresponding to primary and secondary propagation, with distinct spreading patterns, possibly evolving prior to clinical onset. All further analysis was focused on the first principal component of the EEG.
The Mellin Transform
The Mellin transform has been used extensively in pattern recognition as well as in signal and image processing, e.g., [1, 2, 8, 14, 15] , among many others. The Mellin transform ℳ(⋅) of real-valued function ( ) is defined by: There is a direct relationship between the Mellin ℳ(⋅), Laplace ℒ(⋅) and Fourier ℱ(⋅) transforms. The Fourier transform of ( ) is given by:
If we define˜( ) = ( ), then Equation 2 becomes
where = 2 and = . The last expression in Equation 3 corresponds to the Mellin transform. The Fourier transform is invariant with respect to translation. The effect of time delay (translation) on the Fourier transform is a corresponding phase change in the transform, while its magnitude remains translation-invariant. Similarly, the Mellin transform is scale invariant, i.e., ∀ , where ∈ ℝ, is any scale factor:
with Δ a scaling exponent. Thus, a scale change results in a phase change in the transform, while its magnitude remains scale-invariant. Therefore, we assumed that observed EEGs ( ) may be described as functions of the source signal ( ) are follows:
where ℎ is the modulation of the source signal ( ) in the direction of electrode , is the corresponding time delay and = (0, 2 ) a noise term. Evidently, this is a simplified model of the EEG signal. Using a 5 s processing window, corresponding to a quasi-optimal window length for ictal EEGs estimated in a previous study [12] , we calculated the ShortTime Fourier transforms (STFT) of the first principal component of the EEG matrices. We then applied the Mellin transform to the magnitude of the STFT, which is time-invariant.
RESULTS
We arbitrarily chose channel T3 as the reference in the estimation of relative scale shifts. Figure 2 shows an example of the T3 signal, the magnitude of its STFT and corresponding magnitude of the Mellin transform. As previously mentioned, these are respectively time-and scale-invariant.
For each patient and seizure, we examined the relative phase Δ = − , of the Mellin transform of channel , as scaled versions of the same signal are shifted by Δ . Figure 3 shows an example of relative (with respect to T3) phase shifts between transforms across channels, at 4 time frames, 0-10 s (where = 0 marks the beginning of the selected EEG segment) to 60-70 s ( = 60 s is the time of clinical onset), for one patient with bilateral temporal lobe seizures. Frequencyspecific shifts, at various times within the selected intervals were estimated across patients. About 60 s prior to seizure onset scale shifts primarily at low frequencies <15 Hz were observed. About 30s prior to clinical onset, scale shifts at frequencies <40 Hz were estimated. The spatial variation of these shifts was approximately linear (as indicated from the peak-to-peak lines, in Figures 3 and 4) . Note that these are scaling differences, not time-delays, and thus amplitude and polarity differences indicate directional modulation, in addition to small frequency shifts. Furthermore, after clinical onset differential shifts were estimated in different frequency ranges, including higher frequencies (60-90 Hz). This is expected, significantly higher frequency activity is measured by EEGs during the ictal interval (see the spectrum in Figure 2 ) that may be modulated by directional anisotropy. Figure 4 shows a second example of relative phase shifts for a patient with seizures originating in the frontal lobes. Note that in addition to higher amplitude Mellin transform phase shifts, e.g., such as those at 10, 20, 25, and 60 Hz in the bottom right panel of this figure, there are several other frequency-locked shifts, with smaller amplitudes and variable polarity. Note that the polarity of the scale shift, is an indicator of relative expansion or compression of a signal in a particular direction. For example, in the preictal interval 20-30 s, and frequencies ∼8 Hz, negligible scale shifts between T3 and FP2, P4, T1, T5, T4, O1, O2, but larger shifts between T3 and Fp1, F7, F3, P3, Pz were observed. At other frequencies, different spatial shift distributions were estimated. For example, at ∼35 Hz, shifts of the same polarity were observed across all channels with slightly higher magnitude in channels of the left hemisphere. During ictal intervals, distinct spatial shift distributions, locked at different frequencies, were observed.
We examined the directional distribution of frequencydependent scaling factors for all patients and seizures. Figure 5 shows an example of the radial distribution of estimated scale shifts for 4 seizures, at 3 frequencies, 10, 40 and 70 Hz, in the interval 60-70 s, i.e., in the first 10 seconds of the ictal interval. At 70 Hz, negative shifts (indicating signal compression) are observed bilaterally, below the T3-T4 axis. At 40 Hz higher shifts are observed in the right hemisphere, with significantly lower shifts at 10 Hz. Evidently these are based on rough estimates of the direction between electrodes, without using precise measurements of the electrode position and head dimensions. Scale shift distributions were consistent across seizures for individual patients. However, given the heterogeneous etiologies and associated potential structural brain abnormalities, estimated shifts were locked at different frequencies for different patients, within the same time interval. In addition to providing information about the differential anisotropy of the brain, which may cause compression/expansion of the non-stationary EEG signal, estimated scale changes may also be useful in time-delay estimation, a problem of significant interest for source localization. Despite significant research, estimation of measurable time delays prior to or at ictal onset from non-invasive EEGs is a challenging problem. It is often thought that given the limitations of the scalp EEG, such estimation may not be possible. We have estimated measurable time delays at ictal onset from scalp EEGs and multiple seizures, using a signal decomposition method and a square law detector for relevant event detection [16] . Here, we compared these estimates to corresponding delays obtained following scale corrections, based on the the phase of the Mellin transform. Figure 6 shows an example of 4 seizures from two different patients. Time delays with (dashed line) and without (solid line) scale correction are superimposed. In general, correction for scale modulation increased amplitude of estimated time delays, at least in some channels, but typically preserved the spatial distribution of these delays.
DISCUSSION
We have presented a novel approach based on the Mellin transform, for estimating scale-related modulations of EEG signals, potentially associated with the directional electrical/structural anisotropy of the brain. We have estimated measurable, frequency-locked phase differences in the Mellin space, corresponding to scale shifts in specific directions. Based on their polarity, we have identified directions of signal compression and expansion, both in preictal and ictal intervals (typically in the first ∼10-20 s following clinical seizure onset). These shifts appeared to be patient-specific but not seizure-specific. This may be expected given that patients had distinct structural abnormalities, potentially resulting in simi- lar intra-patient but distinct inter-patient anisotropy-induced scale modulations of EEGs. Furthermore, at a preliminary level, we examined the effects of scale correction on timedelay estimation, for source localization purposes. It is often dificult to estimate measurable delays between scalp EEG signals, particularly for rapidly propagating seizures. Although, as desired, the spatial distribution of estimated time delays did not change significantly after scale corrections, their magnitude increased, possibly due to improved estimation from higher amplitude scale-corrected signals. Thus, correction for scale-related modulations may be a necessary pre-processing step for improved time delay estimation from scalp EEGs. Evidently this is a preliminary study, based on 5 patients and multiple seizures. A more detailed estimation of EEG scale shifts, based on specific measurements of electrode position and the geometry of the head is necessary. Finally, to establish a correlation between estimated scale factors and structural abnormalities, these results need to be further superimposed to structural imaging data (MRI). 
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